
AIAA JOURNAL

Vol. 38, No. 2, February 2000

Two-Dimensional Elliptic Grid Solver Using Boundary Grid
Control and Curvature Correction
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National Cheng-Kung University, Tainan 70101, Taiwan, Republic of China

The Thompson method of explicitly evaluatingcontrol function of the elliptic grid solver is employed to improve
local grid quality around convex and concave boundaries. The curvature correction is principally added to the
grid lines around a boundary and is quickly attenuated as the grid points move inward. The algebraic advancing
front method is employed to estimate two levels of orthogonal grids for evaluating the control functions at the
boundary. If the grid equation based on the Cauchy–Riemann relation with » and ´ as independent variables is
employed, numerical examinations show that a lengthy trial-and-error procedure is required to get a satisfactory
grid distribution. In contrast, the method based on the Cauchy–Riemann relation with x and y as independent
variables, which bene� ts from the maximumprinciple, not only removes the undesired grid clustering and diluting
easily but also effectively improves overall grid smoothness and slightly enhances boundary grid orthogonality.

Nomenclature
a1, b1, c1 , d1 = user-speci�ed parameters; see Eq. (9)
a2, b2, c2 , d2 = user-speci�ed parameters; see Eq. (9)
f = 1/ r the curvature
i, j, k = unit vectors in the x , y, z directions, respectively
J = Jacobian; see Eq. (2)
m = modi� cation factor of u , w ; Eq. (28)
P, Q = control function of Eq. (3)
R1 , R2 = functions of Eqs. (5b) and (23–25)
r = radius of curvature
s = arc length
x , y = coordinates on the physical domain
a , b , c = functions de� ned in Eq. (2)
h = grid angle
j = curvature; Eq. (14)
m = ·1

2
, parameter of Eq. (17)

n , g = coordinates on the computationaldomain
u , w = control functions; Eq. (4)
x , x 1 = user-speci�ed parameters; see Eq. (16)

Subscripts

i, j = grid indices along n , g direction, respectively
o = variables on boundary
n , g = partial derivatives, x n = @x /@ n , x g =@x /@ g , . . .

Introduction

I N the recent past two popular methods for generating grid sys-
tems have been developed.1 The � rst method involves solving

elliptical, parabolic,or hyperbolicpartial differentialequations; the
second method employs algebraic formulas. The elliptical equa-
tion method1 – 7 can easily preserve grid smoothness over the entire
domain.Moreover,unlike the othermethods, the user-friendlyellip-
tical equation method requires very little preprogramming and can
generate a satisfactorygrid system without requiringmuch practice.
Therefore, the elliptical equation method is the most popular of all
of the structure grid generation methods, even though it requires a
much longer computing time.

The earliest literature regarding the second-orderelliptical equa-
tion method of structure grid generation is the Laplace equation
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method of Winslow.8 He employed the Laplace equation as the
grid equations that employed the coordinates on the computational
domain as dependent variables to preserve the bene� t of the max-
imum principle. To gain the bene� t of conveniently specifying the
body-� tted boundary condition, he also proposed to swap the de-
pendent and independent variables. In 1974 Thompson et al. added
source terms to the grid equation of Ref. 8 to control grid distri-
bution in the interior region1 – 7, 9 , 10 and developed the well-known
TOMCAT program. Because the control function of Thompson et
al. employs coordinates of the computational domain as indepen-
dent variables, the adjustment of grid clustering and diluting is not
a direction method. Researchers have to estimate the grid location
on the physicaldomain before obtaining the desired location of grid
clustering and diluting.

In 1979 Steger and Sorenson proposed the control method for
boundary grid size and orthogonality1 – 5 , 11 –15 and developed the
GRAPE program. They evaluated the implicit control function on
the boundary-from-boundary and interiordata. Subsequently,an ex-
ponential function is employed to � nd the control function in the
interiorpoints.To enhancethe convergence,they designeda limited
function to restrict the variation for control functions. Because the
factors of the interpolation of the exponential function are related
to both the convergence of the iterative procedure and � nal grid
distribution, the user’s experience is important in the complicated
region. Hsu and Lee15 pointed out that the method by which Steger
and Sorenson distribute the control function is not an interpolation
formula and proposed the one-dimensional interpolation formula.
Jeng and Liou employed the two-dimensional trans� nite interpola-
tion formula for the control function.16, 17

In 1980 Thomas and Middlecoff proposed a direct method for
grid control on boundaries.18 They rewrote the grid equations and
noted that for two-dimensionalgrid systems one control function is
closely related to the grid size distribution along one family of grid
lines, and the other control function is related to the grid size dis-
tribution along another family. After making proper assumptions,
they evaluated one control function explicitly along one pair of op-
posite boundaries and the other control function along the other
pair. Because their method does not require iteration of the con-
trol function, the convergent problem does not occur, making this
method preferred for two and three dimensions. According to the
authors’ experience,however,grid controllabilitysuffersat concave
and convex regions along a boundary.Around a concavecorner of a
boundary (such as the upper corner of a backward-facingstep � ow
region), grid lines cluster in the corner. Likewise, grid lines move
away from the corner, aroundconvexcorners (such as the lower cor-
ner of the backward-facing step region). Obviously, a grid control
via distribution along boundaries stemming from two ends of the
boundary is seriously distorted in these regions.
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Recently, three fast-advancing front methods of grid generation
have been proposed: the algebraic method,19 the hyperbolic equa-
tion method,20 and the parabolic equation method.21 All of these
methods are principally designed to simulate the elliptic equation
method. To eliminate undesired grid clustering and diluting around
sharp corners along a boundary, these methods include enhance-
ments involving user-speci�ed parameters. Once the method does
not function, researchers must obtain a proper set of parameters
through a trial-and-error procedure whose ef� ciency depends on
user experience. If we learn how to eliminate the uncontrollabil-
ity of the Thomas–Middlecoff method at the sharp corner, these
fast-advancingfront methods may be further improved so that their
enhancements need not involve user-speci�ed parameters.

In Ref. 16 the point was made that the Thomas–Middlecoff
method does not involve the curvature terms along a boundary and
cannot correctly control the grid size and grid angle along a bound-
ary. Visbal and Knight22 considered the curvature effect and pro-
posed a predictor-corrector procedure to generate grids. Another
method of generatingan orthogonal grid system was � rst proposed
by Ryskin and Leal,23 who considered the ratio between scale fac-
tors as the grid control function. Their work was followed by a se-
ries of literature24 –28 that effectivelygenerated the orthogonalgrid
system. An interesting approach is the composite transformation
method proposed by Spekreijse29 that involves an algebraic trans-
formation between the computational domain and parameter space
and an transformation (de� ned by the Laplace equation) between
the parameter space and physical domain. The curvature terms are
partially resolved by the algebraic transformation and partially by
the Laplace equation.

In 1987 Thompson30 had proposed a convenience manner to in-
cludecurvaturetermsvia thecontrolfunctionthat canbedetermined
by estimation or else. In this study Thompson’s explicit method
of specifying control function is employed to improve grid qual-
ity around sharp corners. Although similar improvement can be
achieved by dividing the computationaldomain into multiple block
systemto removethe negativeeffect of the corner,theadditionalpre-
programming work will deteriorate one of the merits of employing
the elliptic grid solver that very little preprogramming is necessary.

Analysis
For the sake of completeness, related existing works are brie� y

restated next. Winslow8 employed the Laplace equation as a grid
equation where

n x x + n yy = 0, g x x + g yy = 0 (1)

For the sake of specifying the body-� tted boundary condition in a
convenientmanner,he proposedto swap dependentand independent
variables. The grid equations become

a x
n n ¡ 2b x n g + c x g g = 0, a yn n ¡ 2b yn g + c y g g = 0

a = x2
g + y2

g , b = x n x g + yn yg

c = x2
n + y2

n , J = x n yg ¡ x g y n (2)

Thompson et al. added source terms to Eq. (1) and developed the
well-known Thompson–Thames–Mastin (TTM) equations1 –7, 9, 10

a x n n ¡ 2 b x n g + c x g g + J 2(Px n + Qx g ) = 0

a yn n ¡ 2b yn g + c y g g + J 2( Py n + Qyg ) = 0 (3)

where P, Q are density control functions. Thomas and Middlecoff
transformed the P, Q functions into u , w and modi� ed the grid
equations to be

a (x n n + u x n ) ¡ 2 b x n g + c (x g g + w x g ) = 0

a (yn n + u y n ) ¡ 2b yn g + c (yg g + w y g ) = 0

P = u ( n , g )( n 2
x + n 2

y ) , Q = w ( n , g )( g 2
x + g 2

y ) (4)

This study uses the notation of u , w rather than P, Q.

Steger and Sorenson11 – 16 assumed that, along an g =0 boundary,
grid size [(sg )o =ds / d g j o] and the angle (h o ) of grid lines intersect-
ing this boundary are known. After properly de� ning the � rst-order
and second-order derivatives along the grid line, the control func-
tions u , w on the g = 0 boundary are

u o = [ ¡ R1 yg + R2x g

a J ]
o

, w o = [R1 y n ¡ R2x n

c J ]
o

(5a)

where

R1 = [a x n n ¡ 2 b x n g + c x g g ]o , R2 = [a yn n ¡ 2 b yn g + c yg g ]o

(5b)

Jeng and Liou16 , 17 employed the following trans� nite interpolation
formula to evaluate the interior u , w .

u ( n , g ) = [ u ( n , 0)(1 ¡
g

g max
)

a1

+ u ( n , g max)( g

g max
)

b1 ]
+ [ u (0, g )(1 ¡

n

n max )
c1

+ u ( n max, g )( n

n max )
d1 ]

¡ {[ u (0, 0)(1 ¡
g

g max
)

a1

+ u (0, g max)( g

g max
)

b1 ]
£ (1 ¡

n

n max )
c1

+ [ u (n max, 0)(1 ¡
g

g max )
a1

+ u ( n max , g max)( g

g max
)

b1 ]( n

n max
)

d1

} (6)

The w uses a similar interplant. These equations will be employed
to evaluate interior u , w for examples in this study on grid orthog-
onality.

Thomas and Middlecoff18 explicitly evaluated the u function
along g =0 and g max boundariesand w along n =0 and n max bound-
aries. For example, along an g =0 boundary they assumed that
the grid orthogonality is preserved and grid lines intersecting the
boundary are locally straightened. Consequently, the u function is
estimated from the following equation:

u o = ¡
x n x n n + y n y n n

x2
n + y2

n

(7)

Along the other boundaries the correspondingcontrol functions are
evaluated in a similar manner. Finally, the interior control functions
are evaluated via linear interpolation from data along the corre-
sponding pair of opposite boundaries.

Proposed Methods
Starting from the Cauchy–Riemann conditions

x n = yg , x g = ¡ yn (8)

the following Laplace equations are easily obtained:

x n n + x g g = 0, yn n + y g g = 0 (9)

For convenience,this equationand the correspondingmodi� cations
are called linear equations in this work, whereas the transformed
equationsof Winslow [Eq. (2)] and the correspondingmodi� cations
are called nonlinear equations. First, the Thomas and Middlecoff
method is applied to the preceding equations to obtain

x n n + u x n + x g g + w x g = 0, yn n + u yn + yg g + w yg = 0

(10)

Note that these linear equations can be obtained from Eq. (4) by
setting a = c =1 and b =0. Following the derivation of Thomas
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Fig. 1 Resulting grids in the backward-facing step region, generated
by the Laplace equation of Eq. (9).

Fig. 2 Resulting grids in the backward-facing step region, generated
by the Thomas and Middlecoff method.

and Middlecoff,18 on the g =0 boundary the equation for the u
function is Eq. (7).

Now the Thomas and Middlecoff method and its linear version
[de� ned by Eqs. (7) and (10)] are employed to solve the grid system
for a backward-facing step � ow region. The resulting linear and
nonlineargrids are shown in Figs. 1 and 2, respectively.In the upper
step corner both methods cause grid-line clusteringnear the corner.
Both methods also draw grid lines away from the the lower step
corner. As mentioned in the Introduction, these drawbacks come
from missing the curvature effect in the bottom boundary.

Obviously, the linear grids have grid-line overspill even at the
corner, as shown in Fig. 1. This can be explained by the fact that
Eq. (9) does not have the maximum principle. The monotone grid
distributionof Fig. 2 around the same region shows that the original
Thomas and Middlecoff method is bene� ted from the maximum
principle of Eq. (1).

Although the approach proposed by Ryskin and Leal23 – 28 might
resolve the grid overlapping of Fig. 1, the explicit Thompson
method30 is employed here. Consider a polar coordinate system
where n = q h and g = q . The relationshipbetween (x , y) and ( n , g )
transformsthe mapping from a fan-shapegrid system to rectangular
grids. Let us substitute Eq. (9) with

(1/ q 2)x h h + x q q + (1/ q )x q = 0

(1/ q 2)yh h + y q q + (1/ q )yq = 0 (11)

By recognizing that along n direction q = constant and setting
dn = ¡ q dh , Eq. (11) is rewritten as

x n n + x g g + (1/ q )x g = 0, y n n + yg g + (1/ q )yg = 0 (12)

which is a special case of the Thompson method with uniform grid
distribution along g direction.

Although the conceptual starting point of Thompson differs, we
believe that the following discussion does not lose generality. As-
sume that aroundpoint (i, j ), xi + ,̀ j + m = (ro + m d ro) cos( h + d̀ h ),
yi + ,̀ j + m = (ro + m d ro) sin( h + d̀ h ) where localuniformmesh dis-
tributionwith D n = ro d h = D g = d ro ¿ 1 is employed, as shown in
Fig. 3, then

Fig. 3 Schematic diagram of a polar-coordinate-typegrid point distri-
bution.

x n n »
xi + 1, j ¡ 2xi, j + xi ¡ 1, j

r 2
o d 2 h

»
1

r 2
o d 2 h

[ro cos( h ¡ d h ) ¡ 2ro cos h + ro cos( h + d h )]

» ¡
cos h

ro

1
q

x g »
xi, j + 1 ¡ xi, j ¡ 1

2ro D g
»

1

2r 2
o d h

[(ro + d ro) cos h ¡ (ro ¡ d ro) cos h ]

»
2ro d h cos h

2r 2
o d h

=
cos h

ro

x g g »
xi, j + 1 ¡ 2xi, j + xi, j ¡ 1

D 2 g

»
1

2r 2
o d h

[(ro + d ro) cos h ¡ 2ro cos h + (ro ¡ d ro) cos h ] » 0

(13)

Similarly

y n n » ¡ sin h / ro , (1/ q )yg » sin h / ro , y g g » 0 (14)

The preceding analysis shows that, in a perfect polar-coordinate-
type grid system, x n n and yn n are canceled by (1/ q )x g and (1/ q )y g ,
respectively,whenever d h ! 0.

In a generalizedgrid systema fan-shapedgrid distributionaround
a corner might not be a good choice because the desired curvature
might be changed point to point, which means that the curvature
cannot be estimated easily. Therefore, this study employs the fol-
lowing strategies:

1) The curvature correction should satisfy the following require-
ments:

x n n + (1/ q )x g » 0, yn n + (1/ q )yg » 0 (15)

2) The curvature around the boundaries is evaluated and rapidly
attenuated as points move toward the interior region.

3)The curvaturein the interiorregionis replacedby the smoothing
effect of the elliptic equation.

For the � rst requirement the curvature 1/ q is approximated as

1
q

= f = x 1 j = x 1 ! (d2x

dn 2 )
2

+ (d2 y

dn 2 )
2

/ sg (16)

x 1 = x
r+ £ r ¡

j r+ j j r ¡ j
, r+ = (xi + 1, j ¡ xi, j )i + (yi + 1, j ¡ yi, j )j

r ¡ = (xi, j ¡ xi ¡ 1, j )i + (yi, j ¡ yi ¡ 1, j )j
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where the term r+ £ r ¡ / j r+ j j r ¡ j is employed to involve the effect of
the grid size and grid angle between two successive grid segments.

To obtain fast-attenuated curvature terms, the interior function
f of Eq. (16) is evaluated by solving the Laplace equation or lin-
ear parabolic equation. If only one boundary requires the curvature
correction, the following implicit differenced parabolic equation is
employed:

fi, j + 1 = fi, j + m ( fi + 1. j + 1 ¡ 2 fi, j + fi ¡ 1, j + 1) (17)

where j + 1 is the advanced grid level. If more than one bound-
ary requires curvaturecorrection, the followingdifferencedLaplace
equationis iterativelysolvedseveral times by the successiveline un-
derrelaxation (SLUR) method:

fi + 1, j + fi ¡ 1, j + fi, j + 1 + fi, j ¡ 1 ¡ 4 fi, j = 0 (18)

If grid control is necessary,Eqs. (12) become

x n n + u x n + x g g + [w + 1/ q ( g )]x g = 0

yn n + u y n + yg g + [w + 1/ q ( g )]y g = 0 (19)

Compared to Eq. (10), the possibility of grid overlapping is signif-
icantly reduced, provided that the grid distribution should be made
locally similar to a polar grid system. Otherwise, the curvature cor-
rection cannot compensate for the oversmoothing introduced by
( ) n n .

When the grid system is governedby Eq. (1), the maximum prin-
ciple introducesa positive effect that preservesgrid monotonicityat
concavecorners. If the curvature correction is added to Eq. (1), grid
controllabilitycan be effectively enhanced. Around the g =0, g max

boundary let n » q h , g » q and introduce grid control functions;
Eq. (1) locally takes the following form:

@

@x (q
@ h

@x ) +
@

@y (q
@ h

@y) = P

@

@x (1
q

@q

@x ) +
@

@y (1
q

@q

@y) =
Q

q
(20)

By interchangingthedependentand independentvariablesandusing
u , w to represent P, Q, the preceding equations are transformed to
become

a {x n n + [u +
1

q ( g )

b

a ]x n }¡ 2 b x n g

+ c {x g g + [w +
1

q ( g )]x g }= 0

a {yn n + [u +
1

q ( g )

b

a ]yn }¡ 2 b yn g

+ c {yg g + [w +
1

q ( g )]yg }= 0 (21)

If all four boundaries should consider the curvature effect, the gov-
erning equations are

a {x n n + [u +
1

q ( n )
+

1
q ( g )

b

a ]x n }¡ 2 b x n g

+ c {x g g + [w +
1

q ( g )
+

1
q ( n )

b

c ]x g }= 0

a {yn n + [u +
1

q ( n )
+

1
q ( g )

b

a ]yn }¡ 2 b yn g

+ c {yg g + [w +
1

q ( g )
+

1
q ( n )

b

c ]yg }= 0 (22)

where q ( n ) designs the radius of the curvature aligning with the
n -grid lines around the n = 0 or n max boundary and q ( g ) designs

the radius of curvature aligning with the g -grid lines around the
g =0 or g max boundary. Because 1/ q ( n ) is zero at points remote
from n = 0 and n max boundaries and 1/ q ( g ) is zero at locations
remote from g =0 and g max boundaries,these curvatureterms do not
exist simultaneously except at the four corner points. Note that the
precedingcurvaturecorrectioncanbe consideredto be theadditional
terms of the control function u , w .

If the approximated grid orthogonality should be preserved, the
control function of Steger and Sorenson should be employed. To
guarantee the convergence of iteration, this study examines the
methodwhere the control function is not iterativelysolved.Because
of the explicit form of the control functions, the following proce-
dure is referred to as the modi� ed Thomas and Middlecoffmethods.
Suppose that the curvature correction along the g =0 boundary is
desired,which corresponds to the problem of Fig. 1. By performing
proper algebraic manipulations, Eq. (19) gives the boundary u , w
as

u o = [( ¡ R1 yg + R2 x g ) / J ]o , w o = [(R1 y n ¡ R2 x n ) / J ]o

R1 = {x n n + x g g + [1/ q ( g )]x g }o

R2 = {yn n + yg g + [1/ q ( g )]yg }o (23)

In this study the algebraic advancing front method of Ref. 19 is
employed to estimate two levels of grids, and hence u o , w o , are
known.

Correspondingto the nonlinear equations (21) and (22), Eq. (8b)
takes the following forms, respectively:

R1 = {a [x n n +
1

q ( g )

b

a
x n ] ¡ 2b x n g + c [x g g +

1
q ( g )

x g ]}
o

R2 = {a [yn n +
1

q ( g )

b

a
yn ] ¡ 2 b y n g + c [y g g +

1
q ( g )

yg ]}
o

(24)

R1 = ((a {x n n + [ 1
q ( n )

+
1

q ( g )

b

a ]x n }¡ 2 b x n g

+ c {x g g + [ 1
q ( n )

b

c
+

1
q ( g )]x g }))

o

R2 = ((a {yn n + [ 1
q ( n )

+
1

q ( g )

b

a ]yn }¡ 2 b y n g

+ c {y g g + [ 1
q ( n )

b

c
+

1
q ( g )]yg }))

o

(25)

If there is not signi� cant curvature, the preceding method may
be enough to partially preservegrid orthogonality.Otherwise, espe-
cially for the linear equationmethodof Eqs. (19), grid orthogonality
may notbekept,and thecurvaturecorrectiondoesnotworkproperly.
In such situations adjustment of the control functions is necessary
to maintain grid orthogonality.For example, along an g = constant
line, the grid size D s is related to u function31 via

s n n + u osn = 0 (26)

Let D s » s n , so that the solution is

D s = ( D s)oe ¡ u o n (27)

According to this relation, at the i th point, D si is increased as u o

is made smaller and vice versa. Suppose a grid system is seriously
distorted, either a larger or smaller control function will provide
necessary adjustment.

Results and Discussion
Linear Grid System

To remedy the grid overlapping of Fig. 1, Eqs. (19) and (23) are
employed to generate grids. In spite of correctly estimating u , w
via the algebraic advancing front method, the resulting grids do not
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Fig. 4 Resulting grids in the backward-facing step region generated
by Eq. (19) using curvature correction and grid adjustment of Eq. (28).
Boundary Á, Ã are estimated by Eqs. (23) and the algebraic advancing
front method.

havegrid overlappingbut cannot avoid serious distortionaround the
upper corner of the lower boundary and is not shown here because
of the content limitation. After a lengthy trial-and-errorprocedure,
it is found that the following arti� cial increment of u , w is helpful:

u i, j = u i, j ¡ 0.6m, w i, j = w i, j + 0.17m (28)

where

m = 1/ 5 j for i = 5, j = 1, 2, . . .

= 1/ 3 j for i = 7 upper step corner line

= ¡ 1/ 5 j for i = 9

= 0, otherwise

The resulting grid distribution is shown in Fig. 4. The grid overlap-
ping is eliminated, and overall grid smoothness is attained. How-
ever, if the parameters 0.6 and 0.17 are changed more than 20%,
grid distortion cannot be eliminated again. The authors have ex-
amined many other examples. Parameters giving satisfactory grid
distribution are signi� cantly different from each other and are very
sensitive. Because of the limitation on length, they are not shown
here.

Numerical tests show that the grid overlapping generated by lin-
ear equations can be effectivelyeliminated by the curvature correc-
tion only if grid orthogonality can simultaneously be preserved to
a certain degree. However, the parameter range for preserving grid
smoothnessis verynarrowandchangesfromcase to case.Therefore,
the linear equation method is not recommended.

Nonlinear Grid System
Figure 5 is the resulting grid distribution in the backward-facing

step region generated by Eqs. (7) and (21), where the parametersof
Eq. (16) are determined by

x = 6.8, if j ¸ 1 (29)

= 3, if j < 1 (30)

The larger j corresponds to an apex of a sharp corner, whereas the
smaller j is associatedwith a smooth boundary.Moreover,Eq. (17)
with m =0.2 is marched upward from the bottom boundary. Al-
though the orthogonal condition is not considered, the maximum
principle keeps grids from being seriously distorted so that grid or-
thogonalityis preservedto a certainextent.Consequently,the curva-
ture correction effectively eliminated the undesired grid clustering
and dilution of Fig. 2. Figure 6 shows the comparison between the
convergenthistories of the absolute 2̀ residues, where the converg-
ing slopes of Figs. 2 and 5, respectively, are similar. Because the
deviationsbetween � nal grids and correspondinginitial guesses(the
same linear grids generated by the trans� nite interpolationmethod)
differ, the initial error of the present method is smaller, and hence
the required CPU time is smaller.

Fig. 5 Resulting grids of the backward-facing step region generated
by Eqs. (5a), (7), (16), (21), (24), (29), and (30).

Fig. 6 Converging histories of Figs. 2 and 5, respectively.

Fig. 7 Grid distribution in a smooth region generated by the Thomas
and Middlecoff method.

Figures 7 and 8, two additional examples of grids generated
through the original Thomas–Middlecoff method, show undesired
grid imperfections similar to Fig. 2. Using the same parameter of
Eqs. (16) and (17), Eqs. (7) and (22) generate grids of these two
regions shown in Figs. 9 and 10, respectively.To distribute the cur-
vature terms properly, Eq. (18) is solved in three cycles with an
under-relaxationfactor 0.2, where marching from the bottom to the
top boundary and a marching from the left to the right boundary is
counted as one cycle. In the region without any sharp corners along
all of theboundaries,overallgridsmoothnessis attained,as shownin
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Fig. 8 Grid distribution in a relatively complicated region generated
by the Thomas and Middlecoff method.

Fig. 9 Grid distribution in a smooth region generated by the method
similar to that of Fig. 5.

Fig. 9. Figure 10 also shows similar grid smoothness except around
the step corner.

Now the algebraic advancing front method of Ref. 19 is em-
ployed for generating two grid levels so that boundary u , w can
be estimated. The resulting grid system generated by the nonlinear
modi� ed Thomas and Middlecoffmethod [Eqs. (21), (29), and (30)]
is shown in Fig. 11, where all of the data are the same as those of
Fig. 5. The converging rate is nearly the same as that of Fig. 5 and
is not shown here. It is surprising that grid smoothness is kept over
the entire domain.

Results corresponding to Figs. 9 and 10 for the same modi� ed
Thomas and Middlecoff method, which considers grid orthogonal-
ity, are shown in Figs. 12 and 13, respectively. A careful exam-
ination of Figs. 7–13 reveals that employing a reasonable estima-
tion of boundary u , w obtainsbetterboundaryorthogonalityaround
all of the boundaries and better grid smoothness over the entire
domain.

For practical applications it is helpful to point out the range of
the parameter x of Eq. (16). At the smooth boundary point where
j f j = 1/ q < 1, numerical tests show that grid smoothness and ap-
proximatedorthogonalitycan be easily achieved if x 2 (0, 3]. At the
sharpcornera wide rangeof x is foundas shownin thecolumnof the

Table 1 Available range of ! of Eq. (14)a

Lower-upper Range of
Domain Grid density bounds smooth grids

Backward-facing step 31 £ 20 0 » 11.2 4 » 10.5
Backward-facing step 62 £ 40 0 » 9.2 4 » 8.5
Relatively complicated region 30 £ 30 0 » 9 4.3 » 8.5
Relatively complicated region 60 £ 60 0 » 7.5 4.5 » 7

aNote: The relatively complicated region corresponds to Fig. 8.

Fig. 10 Grid distribution in a relatively complicated region generated
by the method similar to that of Fig. 5.

Fig. 11 Resulting grids of a backward-facing step, generated by
Eqs. (5a), (7), (16), (21), (24), (29), and (30) and the algebraic advancing
front method is employed to estimate boundary Á, Ã.

lower bounds to the upper bounds of Table 1. The range of smooth
grids means that, with x at this range, the resulting grid clustering
or dilution at the corner is not signi� cant and grid smoothness is
preserved. If the grid is twice as dense, the lower bounds of both
columns are nearly unchanged, and the upper bounds are slightly
smaller. Consequently, if one de� nes the desired grid size distribu-
tion (includingthedesiredgridclusteringanddilution), an automatic
search strategy can easily be designed to obtain the suitable value
of x .

The present study also compares the present curvature correction
to the implicit control functionmethod of Steger and Sorenson with
Jeng and Liou’s interpolation.No signi� cant differences are found
in the � nal grids and converging histories between two, and results
are not shown here. In other words, if the iteration converges, the
implicit control function method of Steger and Sorenson involves
curvature correction implicitly.
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Fig. 12 Resulting grids of a smooth region, generated by Eqs. (5a), (7),
(16), (21), (25), (29), and (30) and the algebraic advancing front method
is employed to estimate boundary Á, Ã.

Fig. 13 Resulting gridsof a relatively complicatedregion, generated by
Eqs. (5a), (7), (16), (21), (25), (29), and (30) and the algebraic advancing
front method is employed to estimate boundary Á, Ã.

Conclusions
A local curvature correction to the elliptic grid solver, which is

an extension of Thompson’s explicit method of specifying control
function via the boundary curvature, is discussed in this study. The
present method is helpful in improving grid smoothness for both
linear and nonlinear grid systems with explicit control functions.
For linear grid system where the interchange between the depen-
dent and independent variables of the grid equation is not neces-
sary, the present method requires a lengthy trial-and-error proce-
dure and is not recommended. However, in the nonlinear systems
corresponding to the original Thomas and Middlecoff method, the
proposed curvature correction can improve grid smoothness easily
and signi� cantly, especially if boundary orthogonality is provided
by several grid levels generated by the algebraic advancing front
method.
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